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Abstract 

^ . We consider a family of non-commutative 4d Minkowski spaces with the signature (1,3) 



' and the fixing of one of them leads to the non-commutative "homogeneous" spaces TJs, 

^ . dSs, AdSs and light-cones. We present the quasi-classical description of the Minkowski 

^ ' spaces. There are three compatible Poisson structures - quadratic, linear and canonical. 

^ . The quantization of the former leads to the considered Minkowski spaces. We introduce the 

^ ' horospheric generators of the Minkowski spaces. They lead to the horospheric description 

■i-jJ . of H^, dSs and AdSs. The irreducible representations of Minkowski spaces and dS^ are 
constructed. We find the eigen-functions of the Klein-Gordon equation in the terms of the 

, horospheric generators of the Minkowski spaces. They give rise to eigen-functions on the H^, 

^ ' dSs, AdSi and light-cones. 
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1 Introduction 

The non-commutative Minkowski spaces (NCMS) naturally arise in the string theory. The 
origin of the non-commutativity is the B-field background of the open string that ends on a 
D-brane (for reviews, sec [1, 2]). On the other hand a string propagation on curved space- 
time manifolds such as AdS3, its Euclidean version H3 and dSa was investigated in detail over 
the last few years. These investigations include, in particular, AdS-CFT correspondence and 
solutions of 2-1-1 gravity like BTZ black holes.. Non-commutative deformation of AdS(dS)/CFT 
correspondence was analyzed in [3, 4, 5]. 

We consider a particular family of NCMS. Their distinguishing feature is a natural action of 
the quantum Lorentz group Uq(SL2). NCMS of the signature (1,3) drew an active attention over 
the last fifteen years starting with the first works [6, 7]. At present their complete classification 
is known [8, 9, 10, 11]. In fact, the spaces we consider here are included in the list of Ref. [10]. 
As in Ref. [11] we fit the commutation relation on NCMS in the form of the reflection equation. 
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We construct irreducible representations of associative algebra generated by non-commutative 
coordinates of NCMS with the signature (1,3) (see also [12]). By fixing one of Casimir elements 
we define the non-commutative Lobachevsky spaces (NCLS) (i^s) and the non-commutative 
imaginary Lobachevsky spaces (NCILS) (dS^). These algebras have a natural description in 
terms of the non-commutative analog of the horospheric coordinates. The Casimir element that 
determines the homogeneous spaces is one of the horospheric generators. It allows us to define 
corresponding homogeneous spaces in terms of the rest horospheric generators. 

The final goal of this paper is the solutions of the Klein-Gordon equations on NCMS in 
terms of the horospheric coordinates. By analogy with the classical case, the solutions are 
products of q'-cylindric functions. The reduction of these solutions to NCLS, NCILS and the 
non-commutative cone is straightforward. 

To include in the consideration the non-commutative AdS^ we consider non- commutative 
deformations of the Minkowski spaces with the signature (-I-, — , -|-, — ) and (-I-, — , — , -|-). While 
in the classical case these spaces are isomorphic since they are governed by the isomorphic 
groups SL(2,M) © SL(2,R) and SU(1, 1) © SU(1, 1) in the non-commutative case the situation 
is different. Though the commutation relations in these algebras are the same, the algebras 
are distinguished in different anti-involutions. Instead of the quantum Lorentz group we have 
the action of non-isomorphic Hopf algebras. It is ZYg(SL2(M)) © Z//g(SL2(M)) with |g| = 1 in the 
former case and ZigSU(l. 1) ©Zi,^SU(l. 1) and g G M in the latter. The horospheric description 
and the solutions of the Klein-Gordon equations in the case of the space of type (-I-, — , -|-, — ) are 
presented as inthe case of the signature (1,3). 

The properties of the non-commutative "homogeneous spaces" can be arranged in the fol- 
lowing table. 



Notations 


q 


Hopf algebra symmetry 


NCMS 


Hs 


qeC 


Wg(SL(2,C)) 


Kt 






Z^,(SL(2,C)) 


Kt 


dSs 




Z^,(SL(2,C)) 


K:q 


AdS^ 


kl = 1 


ZYg(SL(2,M)) ffiZ^g(SL(2,]R)) 






kl = 1 


ZYg(SL(2,R)) ffiZ^g(SL(2,M)) 




AdSa 


q G (0, 1] 


^/,(SU(l,l))ffiZ^g(SU(l,l)) 




^q 


q G (0, 1] 


^/,(SU(l,l))ffi^(SU(l,l)) 


Mg'^ 



We also consider the quasi-classical approximations of NCMS. In this way we obtain quadratic 
Poisson algebras with anti-involutions. They are described by the classical reflection equation. 
The Poisson algebras have two classical Casimir functions. The symplectic leaves of these struc- 
tures in the case of the signature (1,3) are the classical horospheres or spheres of and dSs. We 
construct the linear and the canonical Poisson structures that are compatible with the quadratic 
one. 

Notations. 

Classical variables are denoted by small letters, while their non-commutative deformation (quan- 
tization) with capital letters. We do not introduce a special notation for the non-commutative 
multiplication. 
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The coordinates of the Minkowski space = {xi,X2,xs,X4) or {yo,yi,y2,y^) we identify 
with the matrix elements of the matrix x 



X = 



( ) = yo-fc? + eaya<7"a , = 1 , Or Z . (1.1) 



The choice 1 or i in front of y^ defines the signature of the Minkowski space. The generators of 
the non-commutative Minkowski space we also arrange in the matrix form 

The deformation parameter is g = exp^ G (0, 1], or g = expz0 , = 1). 

2 Horospheric coordinates on the classical Minkowski spaces 

There are two types of Minkowski spaces with the signature (+,—,—,—) and (+,+,—,—). While 
the first one allows us to describe the Lobachevsky space H-^ and the Imaginary Lobachevsky 
space (i^a, the second leads to AdS-^. We will consider them separately. 

2.1 Minkowski space M^'^ in the horospheric description 

The Minkowski space M^'^ can be identified with the space of Hermitian matrices 

M^'^ = {x G Mate I x'l" = x} , {x\ = xi , X2 = X3 , X4 = X4) . (2.1) 

The metric is ds^ = det((ix) = dxidx4 — dx2dxz- Another set of coordinates is ?/„ , (a = 0, ... 3) 
corresponds to the choice £q; = 1 in (1.1) 

3 

X = ^ yaCTa , (70 = Id. 
a=0 

It leads to the metric 

3 

ds^ = dyl-Y,dy]. (2.2) 

i=i 

The group SL(2, C) is the double covering of the proper Lorentz group S0(l,3) and acts on 
the Minkowski space M^'^ = {yo, ... , y^} as 

x^^tx^, 5GSL(2,C), (2.3) 

where is the Hermitian conjugated matrix. The action preserves 

det yi = yl-yl-yl-yl = X1X4 - X3X2 (2.4) 

and thereby the metric (2.2) on M-*^'^. 

The time- like part M^'^+ of M^'^ corresponds to the matrices with det x > 0, while det x < 
corresponds to the space-like part M^'^~ . The equation det x = selects the light cone 



il,3 



{detx = X1X4 — = 0} . (2-5) 
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We introduce the horospheric coordinates x ~ (r, h, z, z). If xi 7^ then 

xi = rh, X2 = rhz , X3 = rhz , (2-6) 
X4 = r{h\zf + eh-'^) . (2.7) 



Here 
and 



zeC, ^gM\0, £ = ±1,0, r^£ = detx. 



z = X2X-^ ^ , z = X3X1 ^ , r = y|detx| , for det x 7^ , (2.8) 



^_ f xi(|detx|) 2 for £ = ±1, 
\ Xi for £ = . 

The case e = 1 corresponds to the time-Uke part of M^'^, e = —1 corresponds to the space-hke 
part and £ = to the hght-cone C^'^. 

The horospheric coordinates on the Ught-cone C^'^ are {h,z,z) 

xi = h , X2 = hz , X3 = X2 , X4 = h\z\'^ . (2-9) 

To describe the case xi = we put e = —1, h ^ 0, r < 00 and z ^ 00 such that 
lim hz = exp(it), X2 = rexp(it) and X4 takes an arbitrary real value. Thus, the horospheric 
description has the form 

(r, exp(it), 2:4) , X2 = rexp{it) X3 = rexp{—it). 

Consider the commutative algebra (S(M^'^) of the Schwartz functions on M^'^. The invariant 
integral with respect to the SL(2, C) action on (S(M^'^) 

/(/) = J f{xi,X2,X3,X4,)dXidX2dX2dX3dX4 

takes the form in the horospheric coordinates 

1(g) = J g(z, z, h, r)r^hdrdhdzdz , g £ S{m^'^) . (2.10) 



2.2 Homogeneous spaces, embedded in M^'^ 

The action of SL(2, C) (2.3) leads to the foliation of M^'"^. The orbits are defined by fixing detx. 
The quadric 

L = {det X = ro > , xi > 0} 

is the upper sheet of the two-sheeted hyperboloid. It is a model of the Lobachevsky space, or 
H3. The metric on H3 is the restriction of the invariant metric dxidx^ — d,X2d,x-^ on r = const. 
In what follows we assume tq = 1. The horospheric coordinates on L have the restrictions 
/i > 0. Since SU(2) leaves the point yo = 1, j/a = the Lobachevsky space is the coset 
L ~ SL(2,C)/SU(2) ~SO(l,3)/SO(3). 

Consider the commutative algebra 5(L) of Schwartz functions on L. Functions from 5(L) 
are infinitely differentiablc with all derivatives tending to zero when \z\ 00, h ^ 00, h ^ 
faster than any power. Let 1^2 be the ideal in 5(M^'^) generated by /(detx — Tq) = 0. The 
algebra >S(L) can be described as the factor-algebra 5(M^'^)//i with the additional condition 
xi > 0. 
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In the similar way we describe the upper sheet of the hght-cone C^'^ as S{M.^'^)/ Iq. The 
horospheric coordinates(2.6) being restricted on C^'^+ satisfy the condition (r = l, h> 0, e = 
0). C^'^+ is the quotient SL(2, C)/Sc, where Be is the subgroup of the form 

expH,)).-*^}- 

The space 

IL = {detx = -1} 

is called the Imaginary Lobachevsky space. The corresponding quadric is — X^^y^ = — 1- It 
is the de Sitter space IL ~ dSs = SL(2,C)/SU(1, 1) ~S0(1, 3)/S0(l, 2), since 

g^asg = (73 , for G SU(1, 1) . 

As before, 5(IL) ~ 5(M^''^)//_i, but in contrast with the L and C"*" the horospheric radius 
h of IL can take an arbitrary value /i G M \ 0. 

We partially compactify IL with respect to the coordinate h. Two "limiting" space = 
h iboo are called absolutes. It follows from (2.5) and (2.9) that can be considered as the 
projcctivization of the cone C^'"^. The both absolutes are homeomorphic to C and therefore can 
be compactify to H ~ CP^. Note, that while H are two components of the boundary of the 
IL, is the boundary of C^'^+ and the L. 

2.3 Minkowski space M^'^ in the horospheric description 

We identify M^'^ with the space MatK(2). It is obtained from M^'^ by the Wick rotation 

y2 -iy2 

M^'^ = {x G MatK(2)} , x = yold + yiai + iy2a2 + y3(T3 ■ (2.11) 
The metric on M^'^ assumes the form 

ds = dxidxi — dx2dx3 = dy^ — dyi + dy2 — dy^ . (2-12) 

Thus, M2'2 has the signature (+ - +-). The group G = SL(2,M) SL(2,M) acts on M^'^ as 

x^52~'x5i, 5feeSL(2,M). (2.13) 

The transformed matrix belongs to MatE(2), since 51,52 € SL(2,R). Moreover, (2.13) preserves 
det X and therefore the metric. 

The horospheric coordinates take the similar form as for M^'^ after replacing in (2.6), (2.7) 

Z ^ Zi, Z ^ Z2, {Z\, Z2 G M) 

Xi = rh, X2 = rhzi , X3 = rhz2 , (2-14) 

X4 = r{hziZ2 + eh~^) . (2.15) 
The invariant integral on M^'^ is the same as on M-*^'^ (2.10). 
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2.4 Homogeneous subspaces embedded in M^'^ 

The action of G = SL(2,M) ® SL(2,M) on M^'^ preserves the determinant detx. We have the 
two types of nontrivial G-orbits. 
The first type is AdS3 spaces 

AdS^ = {x I det X = er^ , e = ±1} . (2.16) 

In the commutative case the spaces AdSj and AdSJ are isomorphic. The spaces AdS^ is 
identified with the quotient (SL(2,R) SL(2,M))/SL(2,M).. Then AdSs ~ SL(2,M). 
The second type is cone 

C2'2 ={x I detx = 0}. 

It is the quotient C^''^ ~ (SL(2, R)®SL(2, M))/(5, where B is the subgroup of SL(2, M))©SL(2, M) 
preserving a point of C^'^. For example, it can be defined as follows 

B = [i92,9i), I (J 1)91=92(^1 I 

2.5 Minkowski space M^'^ in the horospheric description 

Consider the Minkowski space M^'^ with the signature (H h). Though M^'^ is isomorphic 

to M^'^, we consider it separately, since they become non-isomorphic in the non-commutative 
case. _ 

We identify M^'^ with the space of matrix 

= {x G Matc(2) | xi = X4 , X2 = X3} . (2.17) 

It is obtained from M^'^ by the Wick rotations 1/3 iy^. 

X = yold + yicTi + 2/20-2 + iysf^s ■ 

The definition (2.17) is equivalent to 

M2'2 = {x g Mate I XCTax'l' = 0-3} . (2.18) 

The isomorphism between M^'^ (2-11) and M^'^ is defined by the conjugation 



X = gxg~^ , X G M^'^ x G M^'^ , g 



1 -i 
1 i 



It follows from (2.18) that the group G = SU(1, 1) SU(1, 1) acts on M?^"^ 

x^ 52-1x31, 5feGSU(l,l). (2.19) 

It means that M^'^ ^ SU(1, 1) © SU(1, 1)/SU(1, 1). The action (2.19) preserves detx and 
therefore the metric. 

The horospheric coordinates on M^'^ take the form 

xi = ^{h{l + ZXZ2) + ehr^ + ih{zi - Z2)) , X4 = xi , (2.20) 
X2 = ^{h{l - Z1Z2) - eh~^ - ih{zi + Z2)) , X3 = X2 , (2-21) 

where zi,Z2 G^- 

We again can determine the homogeneous spaces embedded in M^'^ by fixing detx = er^. 
If £ = ±1 and r = ro we come to AdSg isomorphic to the defined above. The spaces AdS^ can 
be identified with SU(1, 1). 
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2.6 Short summary 

For completeness we consider the Euclidean space and the embedded sphere S3 

yi = yoId + i^yaaa, detx = yg + ^y^, 

a a 

53 = {x I dctx = ro} ~ SU(2) e SU(2)/SU(2) . 

The horospheric description of S3 does not exists. We will not generalize S3 to the non- 
commutative case. We summarize the structure of the homogeneous spaces in the following 
table, that will be generalized to the non-commutative situation. 



Notiitious 


NolMlious 


C'osot coiisructiou 


Aml)i('nt; s|")mcc 


L 


H3 


SL(2,C)/SU(2) 




Cl,3 




SL(2,C)/Sc 


Mi.3 


IL 


dSa 


SL(2,C)/SU(1,1) 


M^'3 




AdSs 


SL(2,M) ©SL(2,M)/SL(2,M) 




C2,2 




SL(2,R)eSL(2,M)/B 


M2.2 




AdSs 


su(i,i)esu(i,i)/su(i,i) 






^3 


SU(2) ® SU(2)/SU(2) 





3 Laplace operator and its eigen-functions 

In this paper we generalize to the noncommutative case the following facts concerning the eigen- 
functions of the Laplace operator 

The solutions of the Klein-Gordon equation on 



Af^{xi,X2,X3,X4) = l'^fu{xi,X2,X3,X4) , A 



92 



52 



dxidx4 8x38x2 
are the exponents 

fu{xi,X2,X3, X4) = exp(^x) , (^X) = ^ ^iXi = ^1^4 - 66 • 

We will consider A and its eigen-functions in the horospheric coordinates. 

3.1 Scalcir fields on M^'^ in the horospheric coordinates 

The metric on M^'^ in the horospheric coordinates takes the form 

ds^ = gjkdxjdxk = edr^ — £r^h''^dh'^ — r^h^dzdz . 
Then one can rewrite A = — - — i-djg^'^{dei g)^ as 

(det g) 2 



(3.1) 



(3.2) 



r?2 



A = r 

and we come the eigenvalue problem 



-r^— -3r— 



(3.3) 



52 „ a , . _2 52 



+ 3— + Aeh' 



dh? dh 



dzdz ^ dr^ dr 



fi,{z,h,z-r) = iy'^fi,{z,h,z-r) . (3.4) 



Let Z^{x) be a cylindric function. It means that Zi^(x) is a solution of the equation 



dx'^ X dx \ x'^ J 
We will prove the non-commutative analog of the following statement 
Proposition 3.1 The basic harmonics of the eigen-value problem (3.4) are 

fu{z, h, z; r) = r~^h~^ exp(i//2; + ijlz)Za{ri')Za{2i£'2 , e = ±1 , 

and 



fi,{z,h,z;r) = h"' exp^i/iz + i/iz) , e = 0, a = v +1, 



where /x, a G C. 



Proof 

The variables of the equation (3.4) can be separated 

ft,{z, h, z; r) = ex.p{iij,z + ifiz)va{h)xu,a{r) , 
where — 1 is the separation constant 

52 _ d 



+ 3hi- + {-Aeh-^\^if -a' + l) 



dh? dh 

+ 3r^ + r2(i/2 _ 1) _ ^2 ^ 1 
or^ or 



Va{h) = 0, 



The solutions of (3.8) and (3.9) have the following form 

Xi/,a(r) = r~^Za{r\/i''^ - 1) , 

Va{h) = 

In this way we come to (3.5), (3.6). □ 



h-^Zai2i£^fj,\h-^) e = ±l, 
h°'-^ e = . 



(3.5) 
(3.6) 



(3.7) 

(3.8) 

(3.9) 



It follows from (3.3) that the restrictions of the Klein-Gordon equation to the homogeneous 
spaces assume the form 



2 ^ 



dh'^ ^"^dh^ dzdz 



fu{h, z, z) = (z/2 - l)/^(/i, z, z) 



(3.10) 



Thus, we come to the following statement 

Corollary 3.1 The basic harmonics on (L), dS^ (IL) and the light-cone C^'^ are 

fu{z, h, z) = exp(z|U2 + ij2z)Zj^2_i{2i£2 \ij,\h~^) , £ = ±1 , (^-H) 

and 



fuiz, h, z) = h"' ^ exp(z/iz + ijiz) , £ = , ci^ = + 1 . 



(3.12) 



3.2 Scalar fields on M^'^ in the horospheric coordinates 

It is easy to pass from the eigen-functions of the Klein- Gordon equation on M^'^ to the eigen- 
functions of the Klein-Gordon equation on M^'^. We come to the equation 



+ 3— + 4eh-^—— r^— - 3r— 



fuiz2, h, zi;r) = i'^fu{z2, h, zi;r). (3.13) 



dh"^ dh dzidz2 dr^ dr 

The analog of Proposition 3.1 has the form 
Proposition 3.2 The basic harmonics of the eigen-value problem (3.13) are 

f,y{z,h,z;r) = r~^h~^ exp(//i2:i + iii2Z2)Za{ru)Za{'2.ie^ ^ iiiii2h~^) ,e = ±1 , (3.14) 

and 

f,y{z,h,z;r) = h''~'^ ex.p{ii^iZi + iiJ,2Z2) , £ = 0, = z^^ + 1 , (3.15) 
where fJ-ifJ-2, a € M. 

Thus, we come to the scalar field on AdSs and on C^'^. 

Corollary 3.2 The basic harmonics on AdSa and the light-cone C^'^ are 

f,y{z,h,z) = exp{iij,izi + ijj,2Z2)Z^,2_i{2ie2.^/]I^h~^) ,s = ±1 , (3.16) 

and 

fi,{z,h,z) = h"'^ exp{ifj,izi + iiJ,2Z2) , ot^ = i'^ + 1 , £ = 0. (3-17) 

1,3 
5,q- 
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4 Non-commutative 4d Minkowski space Mc' . 



4.1 Definition 

We define an algebra generated by matrix elements of (1.2). 

• • 13 

Definition 4.1 The non- commutative 4d Minkowski space M^' . 0<q<16£Nis the unital 

o^q 

associative algebra with the anti-involution * and four generators Xj, j = 1,...,4 with the 
quadratic relations 

XiXs = q-^X3Xi, X,X2 = q^X2Xi, (4.1) 

[X2, Xs] = q^-^{l - q^)X^Xi , (4.2) 

X2Xi = q^-'^XiX2 , (4.3) 

^3^4 = q~^^''XiXs , (4.4) 



such that 



[Xi,X4]=0, (4.5) 
X^ = Xi, X^ = X3, X2=Xi. (4.6) 
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This space was described in [10]. Following tliis approach we cast the relations in M^'^ in 
the form of the reflection equation. Consider the basis in Mat (2) 



^0 r ^ \ Q r vioy'^ voi 

Define two R-matrices 

R(.q) = q~\Ei ®Ei+E4® Ei) + {El ^E4 + E4® El) + q-\l - q^)E^ ® E2 , (4.7) 

{q) = {El <^Ei+E4(^ E4) + q^-'^ {Ei <^ E4 + E4 Ei) . (4.8) 
The R-matrices satisfy the Yang-Baxter type equations 

R12R13R23 = R23R13R12 , (4.9) 

Ri2R^SR2S = ^3 ^13 ^12 ■ (4.10) 

It can be checked straightforwardly that the relations (4.1)-(4.5) are equivalent to the reflection 
equation 

i?(g)x(i)i?(2)(^)X(2) = X(2)i?(2)(g)x(i)i?t(g) , (4.11) 
where X^^) = X Id and X^^) = /d X and 

R\q) = q~\Ei ®Ei+E4^ E4) + {El ®E4 + E4® El) + q-^{l - q^)E2 ® E3 . 

1 3 

Lemma 4.1 The algebra M^'^ has two independent Casimir elements 

Ki = Xt^Xi, (4.12) 
K2 = XiX4- q-^X^X2 . (4. 13) 

Proof. 

It can checked in straightforward way that the both expressions commute with the generators 
ofMg.D 

The Casimir operator K2 (4.12) is the quantum determinant K2 = det^X. In an irreducible 
module over M^'^ K2 = sr"^ G M is a scalar. It allows us to define the time- like part M^'^~^, {e = 
1), the space-like part M^^, (e = —1), and the light cone C^^g, {e = 0). 

4.2 StandEird basis 

Represent the matrix X in the basis of the sigma-matrices 



yi = YoId + Y,Yo.(Ta- 



The advantage of this basis is that its generators are self-conjugate with respect to the anti- 
involution Y* = Ya- Let 6' = lng,0<(/<l and 

ci(0,,5) = ^(cosh0(5 + cosh^(2-(5)) , C2(0, (5) = ^ (cosh0(5 - cosh^(2 - 5)) , 
C3(0,5) = ^(sinh^(5 + sinh^(2-(5)) , C4(^, (5) = ^ (sinh05 - sinh^(2 - (5)) . 
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1 3 

In terms of Ya the commutation relations in the algebra Mc' assume the form 

YiYo = ciYoYi + C2Y3Y1 - ic3YoY2 - ic^Y^Y^ , (4.14) 

YxYj, = C2Y0Y1 + ciYsYi - ic4YoY2 - ic^Y^Y2 , (4.15) 

^2^0 = iczY^Y^ + ic^Y^Y^ + cxYqY2 + 02^3^2 , (4.16) 

= ic^Y^Y^ + ic^Y^Y^ + 02^0^2 + cxY^Y2 , (4.17) 

[n, ^2] = - q^){Yi - Yi) , (4.18) 

[Yo,Y3]=0. (4.19) 

Note that for — 1 ci{9,S) — ^ 1 while Cj 0, j = 2,3,4 and we come to the commutative 

space = (2/0,2/1,2/2,2/3)- 

The Casimirs assume the forms 

Ki = {Yo + Y3)^-\Yo-Y3)\ 
K2={l- Y,^ - a-'Yl - - (1 - 1:^) Yi . 

4.3 Quantum Lorentz group action on M^'^. 

We start with a pair of the standard ^g(SL2) Hopf algebra [13, 14]. The first one is generated 
by A,B,C,D and the unit 1 with relations 

AD = DA= 1, AB = qBA, BD = qDB, 

AC = q~^CA, CD = q~^DC, (4.20) 

[B,C] = ^^{A'-D'). 

There is a copy of this algebra ZY*(SL2) generated by A*,B*,C*, D* with the relations coming 
from (4.20) U*V* = (VU)* . They commute with A,B,C,D. 

The pair Uq{Sh2), U*{Sh2) forms a Hopf algebra Uq^\Sh2), where the coproduct and the 
antipode are twisted in the consistent way [17] 

A{A) = A{A) =A®A, 

A{B) = A<^B + B<^D{A*y, (4.21) 
A(C) =A^C + C^ D{A*)-'. 
^ D -q-\A*)-^B\ 

c D )~\ -q{A*yc A ) ■ ^^■^^> 

A{A*) = A{A*) = A* ® A* , 

A{B*) =A*^B* + B*^ D*A', (4.23) 

A(C*) =A*^C* + C*^ D*A-'. 

A* B* \ _ f D* -qA-'B* 
C* D* ) ~ \ -q-^A'C* A* 
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The counit on Uq^\sij{2,C)) assumes the form 

e{A) = l, e{B,C)=0. (4.24) 
There are two Casimir elements in Uq^^ (SL(2, C)) which commute with any u G Uq{SL2{C)). 

^0 2(g-i-g)2 +2^BC + ^B) (4.25) 

nq := Ig ^ + Ub*C* + C*B*) (4.26) 

Proposition 4.1 M^' is a right module over the Hopf algebra ui'\SL{2, C)). 
Proof. 

We define the action of the quantum group ^g*''(SL(2, C)) on mJ'^ 

The direct calculations show that the commutation relations in Mr' are compatible with the 
coproduct mV(q'^\SL(2,C)). Moreover, 

(Xj.a)* = a* .Xj . 

□ 

Similarly, one can define the left action of Z^5'^^(SL(2,C)) on M^'^. 
Let 

w{m, k, I, n) = XfX^X{xq 

be the ordered monomial. Define the Schwartz space (S(MJ'^) as the series with the rapidly 
decreasing coefficients 

S{M^'^) = {|/(X3, Xi, X4, X2)X = am,k,l,nw{m, k, I, n) , am,k,l,n G C} , (4.31) 

|om,fc,i,n| < (1 + + /^^ + + r?)\ for any j G N, when |m|, |/c|, |Z|, |n| ^ 00 . 
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Proposition 4.2 The Jackson integral 

(/) = j dg2X3dg2Xidg2Xidg2X2tf{Xi,X2,Xs,X4)t (4.32) 

is invariant functional onS{M.g'^) with respect to the action ofUq^\SL{2,C)) 

{f.u) = e{u){f), 

where e{u) is the counit (4-24)- 

The proof will follow from the actions of the generators A,A*,B,C on the ordered monomials 
w{m, k, I, n) presented in Section 9. 



5 Module over Mt „ 

Here we construct representations of M^'^ in the infinite-dimensional spaces , E" , (right 

modules over mJ'^). The representations of algebras satisfying the more general reflection equa- 
tions were constructed in Ref. [12]. Three types of the spaces correspond to the time-like part 
K2 > 0, the space-like part K2 < 0, and the light cone K2 = . Here we assume that 5 & Z. 



5.1 Time-like part {K2 > 0). 

We will define the module E^^^j, depending on a, p G M. Consider C-valued functions on the Z 
lattice with the vertices . Using the Jackson integral we introduce the Hermitian metric 



{f\9) = J dq2udq2ueg2{uu)f{u)g{u), (5.1) 

where e^2(u) = 6^2 ((1 — q^)u) (A.l) and the Jackson integral (A.5) is defined by the double 
series 

(/b) = (1 - 9')' E g'^"^+"^K2(9'(-+"))7(?^5(9'")+e,2(-g2{-+"))/(-g2m)^(_g2n)] _ 
m,n6Z 

(5.2) 

The module E^p is the space of functions on the lattice with finite norm {f\f)'^ < 00. Let 
\ = \{5,q)=q^-\l-q')"2. 

Proposition 5.1 The space E^^^ (p G M+, a G M+j is the right module of the algebra M^'^ 

f{u)Xi = a-^pfiuq^) , f{u)X2 = XpDuf{u) , (5.3) 

f{u)Xs = -Xpufiu) , f{u)X^ = apf{uq^-^) . 

The Casimirs on E^^^ have the values K2 = p^q~^ = B? , Ki = o? fp'^~'^ . The anti-involution 
corresponds to the Hermitian conjugation 

{fXa\g) = {f\X:9). (5.4) 

Du is defined by (A. 2). 
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Proof 

We have the following relations for : f{u)^ f{uq) , u : f{u)^ uf{u) and the for 
difference operator (A. 2) 

fiu)iu-T,) = qf{u)iTg-u), f{u){D^-T,) = q-'f{u){T,-D^, (5.5) 

f{u)[D^,u]=-f{uq''). 

They imply the commutation relations (4.1) - (4.5) for (5.3). The conjugation formula X2 = 
comes from the relation 

DuGq2{au) = aefp{au) . 

The shift operators Xi and Xi arc self-conjugate due to (5.2). □ 
Note that the operator Xi + X^ acts as 

f{u)^ p{a~^f{uq') + a{uq^~')). 

Since a and p are positive this operator is positive definite 

((Xi + x)/!/) >o, if //o. 

This fact is in agreement with the classical limit \{Xi + X4) — and yo > 0. 

5.2 Space-like part {K2 < 0). 

Replace the measure in the integral (5.1) 

(/If) = j dq2udq2ueq2{-uu)f{u)g{u) . (5.6) 
It defines the Hermitian pairing in the module E~p. 

Proposition 5.2 The space E^^^, {a,p G IR+) is the right module of the algebra M^'^ 

f{u)Xi = a-^pf{uq^) , f{u)X2 = \pD^f{u) , (5.7) 
f{u)Xs = \puf{u) , f{u)X^ = -apfiuq^-^) . 
with K2 = -R^ = -p^q-"^ and Ki = {-ifa'^p'^^-'^ . 

The proof of this Proposition is the same as the previous one. We just change consistently the 
sign in the measure and in the definition of X3, X4. 

In this case the operator Xi + X4 is not positive-definite in accordance with the classical 
description of the space-like part. 

5.3 The light-cone K2 = 0. 

Consider the space of holomorphic functions on C* equipped with the Hermitian form 

1 f dw- 



(f\9) = ^J-fH9(^)- (5-8) 

The following Proposition can be established in the direct way. 
Proposition 5.3 E^ is the right module over the light-cone Cj'^ 

fiw)Xi = f{wq') , f{w)X2 = q^w-'f{wq) , (5.9) 

f{w)Xs = q^wf{wq) , f{w)X4 = /{wq^'^) , 
with K2 = and Ki = 1. 
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6 Horospheric description. 
6.1 Horospheric generators 

We introduce another set of generators - the non-commutative analog of the horospheric coor- 
dinates {Z*,H, Z, R), {H* = H,R* = R, (Z*)* = Z) 

Xi=RH, X2 = RHZ , Xs = RZ*H , (6.1) 

X4 = R{Z*HZ + sH-^), £ = ±1,0. (6.2) 

The defining relations 

ZH = q-^HZ , Z*H = q^HZ* , [R, H] = [R, Z] = [R, Z*] = , (6.3) 

ZZ* = q^^-'^Z*Z - £g^"2(l - q^)H-^ . 
yield the relations (4.1)-(4.5). The Casimir elements are 

K2 = eR^ Ki = R'^^-^H^-'^{Z*HZ + eH-^ . (6.4) 

The inverse relations assume the form 

H = R-^Xi , Z = Xf , Z* = XgXf ^ , R = £Ki. (6.5) 

In terms of the horospheric generators the action oiLl'q\s\j{2,C)) takes the form 



Z*.A = z*, H.A = q2H, Z.A = q-^z, R.A = R, 

Z*.A* =q^Z* , H.A* = q'-^H, Z.A* = Z , R.A* = R, 

Z*.B = 0, H.B = 0, Z.B = q-^, R.B = , 

Z*.C = q^-^H-^ , H.C = HZ, Z.C = -q^Z'^, R.C = . 



(6.6) 



It follows from these relations that R is invariant with respect to the Z^g*^(SL(2, C)) action 
R.u = e{u)R. 

Define the analog of the Schwartz space 5(M^'^) (4.31) in terms of the ordered monomial 
w{m, k, n) = Z*"^H^Z^. Since i2 is a center element its position is irrelevant. Let 

Xf{Z*,H,Z,R)X= am,k,n,lw{fn,Kn)R\ am,k,n,l & C . (6.7) 

1 3 

For iS(M^'^) the coefficients satisfy the condition 

\0'm,k,n,l\ < (1 + + k'^ + l'^ + v?y , for any j € N, when |m|, |A;|, |n| — oo . 
The invariant integral (4.32) is well defined functional on (6.7). It assumes the form 

V(/) = j dg2Z*dg2Hdg2Zdg2Rtf{Z*, H, Z, R) H t . (6.8) 
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6.2 Homogeneous spaces 

Consider an irreducible representation of algebra (6.3). Then one can fix the Casimir opera- 
tor (6.4) K2 = eB?, R'^ = r"^ & M+. It allows us to define the non-commutative analog of 
Lobachevsky spaces and the cone. Let us fix the ideal = {K2 — sr^ = 0}. Then 

5(mJ;J)//, Hs{e = l), dSs (e = -1) , Cjf (e = 0) . 

As we observed above the action of the quantum Lorentz group preserves these spaces. It 
justifies the notion of homogeneous spaces in the noncommutative situation. 

1 3 

We can directly define their generators using the horospheric description of M.' . 

Definition 6.1 The non- commutative Lobachevsky space Is^q (H^), the non- commutative Imag- 
inary Lobachevsky space IL^^q (dS^) and the non- commutative cone Cj'^ are the associative 
unital algebras with an anti-involution and the defining relations 

ZH = q-^HZ, Z*H = q^HZ*, 

ZZ* = q'^^-^Z*Z - eq^-^{l - q^)H-^ . 
(Z)* = Z*, H* = H, 



H3-e = l, dS3~e = -l, Cj;^^~e = 0. 
In addition we define the non-commutative absolute. 



Definition 6.2 The non- commutative absolute Sg^q is the associative algebra with two genera- 
tors and the commutation relation 

ZZ* = q-'^+^^Z*Z . (6.9) 
6.3 Representations of the horospheric generators 

For the time-like part £ = 1 we considered the space E^^. We have from (5.3), (6.1), (6.2) 

fiu)H = pfiuq^) , (6.10) 

nu)Z = a-'xl^^^^^^^^^u-' , f{u)Z* = -a-'q-'Xufiuq-') , 
and K2 = p^q""^- 

Similarly, the representation of the space- like part (e = — 1) of M^'^ in the space E~p assumes 
the the following form. The horospheric generators H, Z are represented as before (6.10), while 

f{u)Z* = q-^Xuf{uq-^) . 

1 3 

The horospheric generators corresponding to the light cone Cg^ act in the space Eq (5.8) as 

f{w)H = f{wq'), (6.11) 

f{w)Z = q^wfiwq^-^) , f{w)Z* = q'^w-^f{wq^-^) . (6.12) 

The module E^ serves simultaneously as the module of the non-commutative absolute 3^,5 ■ 
It is easy to derive from (6.12) that the generators Z,Z* that satisfy (6.9) are represented as 
follows 

f{w)Z = wfiwq^-^) , f{w)Z* = w-^f{wq^-^) . (6.13) 
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7 Non-commutative Minkowski space M^'^. 
7.1 Definition 

The space Mg'^ is related to the Hopf algebra Z^g(SL2(M)). It implies that \q\ = 1, {q = expiO). 
In this case the quadratic relations (4.1) - (4.5) are valid for 5 = 1 only. 

Definition 7.1 The non- commutative 4d Minkowski space M^'^, {\q\ = 1) is the unital associa- 
tive *-algebra with four generators Xj, j = 1, . . . ,4: that satisfies the quadratic relations 

XiX3=q-^X3Xi, XiX2 = qX2Xi, (7.1) 

[X2,X^] = {q-^-q)XiX4, (7.2) 

X2X4 = qXiX2 , (7.3) 

= q-^X^Xs , (7.4) 

[^1,^4] =0, (7.5) 

and with the anti-involution 

X*^ = , X*2 = q-^X2 , X3* = qXs , X^ = X4 . (7.6) 

The reflection equation describing these relations is reduced to the standard RTT form for 
the Hopf algebra Aq{GL2{ 



R{q)X(W^ = X(W^R\q) , (7.7) 

smce 

i?(2) = id ® id for (5 = 1 and 

Riq) = q'\Ei (^Ei + Ei® Ei) + {El ®Ei + Ei(^ El) + ^"^(1 - q^)E^ E2 . 



In the classical limit ylg(GL(2, M)) passes to the algebra yl(GL2(M)). It allows to identify Mq'^ 
with a non-commutative deformation of the Minkowski space M^'^. 

2 2 

Prom Lemma 4.1 we have the form of the Casimir elements of M^' 

Ki = Xj-^X4 , (7.8) 

K2 = - 9-^X3X2 . (7.9) 

Note that K2 is not self adjoint. The self adjoint element is K2 = {1 -\- q^)K2. 

7.2 Quantum group Wg(SL2(M)) © Wg(SL2(M)) action on M^'^. 

Consider the Hopf algebra Uq{SL2) (4.20). The following conditions pick up the *-Hopf algebra 
Wq(SL2(M)) 

A* = A, B* = -B, C* = -C 
with the untwisted coproduct (4.21) 

A(^) = A(A) = A®A, 

A{B) = A^ B -\- B ® D , 
A{C) = A^C + C^D, 
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and the untwisted antipode (4.22) 



The Casimir element of Wg(SL2(M)) has the form 



^q-=- + -{BC + CB) (7.11) 



2(g-i-g)2 2 
Proposition 7.1 M^'^ is the module over the *-Hopf algebra Uq{SL2 
Proof 

Define the right action of Z^q(SL2(M)) on M^'^ 



1 1 



J J "i^' (7.12) 

The consistency of multiphcation in M^'^ and the comultiphcation in ZYg(SL2(M)) foUows 
from Proposition 4.1, since (7.12) - (7.14) comes from (4.27) - (4.29). 
We also define the left action of Wg(SL2(R)) on Mg'^ 



A. 



Xi X2 \ q 2X1 q 2X2 



X4 J \ q2X3 g2X 
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B. 



C. 



Xi X2 \ _ f —X3 —X4 

X3 Xi y V 

Xi X2 \ f 

X4 J \ —Xi —X2 



2 2 

It is also consistent with the multiplication in M^' . 
In addition from (7.6) and (7.10) one has 

S{u)*.X* = (Xj.u)* , u = A,B,C. 

□ 



7.3 Horospheric generators and homogeneous spaces 

The r 
form 



The non-commutative analog of the horospheric generators {Z2,H, Zi,R) on M^'^ assumes the 



Xi = RH, X2 = RHZi , X3 = RZ2H , (7.15) 
X4 = R{Z2HZi+eH-^), e = ±l, 0. (7.16) 
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It follows from (7.6) that 

17* TT* TT ly* 17 p* T> 

^2 — ^1 ) — tl ^ Zj]^ Zj\ , -ft IX . 

The defining relations 

ZrH = q-^HZi, Z2H = qHZ2, [R, H] = [R, Z^] = [R, Z2] = , (7.17) 

[Zi,Z2]=e{q-q-')H-\ 
yield the relations (7.1)-(7.5). The Casimir elements are 

K2 = eR^ Ki = H-^{Z2HZi + eR-^) . (7.18) 

The horospheric coordinates can be expressed in terms of Xj as 

H = R-^Xi, Zi = X^^X2, Z2 = X3X^\ R^=eK2. (7.19) 

In terms of the horospheric generators the right action of Wg(SL2(M)) takes the form 

Z2.A = Z2, H.A = q^2H, Zi.A = q-^Zi, R.A = R, 

Z2.B = 0, H.B = 0, Zi.B = q~^, R.B = , (7.20) 

Z2.C = q^2H-^, H.C = HZi, Zi.C = -q^Zl, R.C = . 

It follows from these relations that R is invariant with respect to the Z//q(SL2(M)) action. 

Let (S(M^'^) be the algebra of the ordered Schwartz functions on Mg'^. Consider an irreducible 

2 2 

representation of the associative algebra M^' . We fix the value of the Casimir operator (7.18) 
K2 = eR^, R^ = £ R+ and the ideal Is = {K2 - eR^ = 0}. It allows us to define the 
non-commutative analog of AdSj^ and the cone C^'^ as 

5(m2'2)/4 ^ AdSf {e = ±1) , C2'2 (e = 0) . 
The direct description of these algebras in terms of the horospheric generators has the form 

Definition 7.2 The non- commutative AdSf spaces and the non- commutative cone Cg'^ are the 
associative unital algebras with the anti-involution and the defining relations 

ZiH = q-^HZi, Z2H = qHZ2, 

[Zi,Z2]=e{q-q-')H-\ 
where AdS^ ^ (e = ±1) and Cq'^ ^ (e = 0). 

7.4 The non-commutative Minkowski space M^'^ 

Definition 7.3 The non-commutative 4d Minkowski space Mg'^, q G (0, 1] is the unital associa- 
tive *-algebra with four generators Xj, j = 1, . . . ,4 that satisfies the quadratic relations (7.1) - 
(7.5) with the anti-involution 

XI = X4 , X*2 = qXs . (7.21) 
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This algebra was considered in Ref. [16]. 

2 2 

The commutation relations are the same as for Mq and the only difference is the anti- 
involution (compare (7.6) and (7.21) and the reality of q. Therefore, we have the same Casimirs 
Ki (7.8) and K2 (7.9). It allows us to define the associative algebras 

AdSg ^ if2 = ±rV0, 
^ K2 = 0. 



Define the Hopf algebra Uq(S\J(l, 1)) by the anti-involution 

A* = A, B* = -C, C* = -B. (7.22) 



The Hopf algebra Uq{^'\]{l, 1)) Wg(SU(l, 1)) acts on Mg'^ in the similar way as Uq{S'L2{ 
Wq(SL2(M)) acts on M,'^ (Proposition 7.1). The anti-involutions in ^Yg(SU(l, 1)) and in Mg' are 
consistent S{u)* .X* = {Xj.u)*, u G Z^g(SU(l, 1)). It can be checked that K2 is invariant with 
respect to this action. Therefore, the action of Z^g(SU(l, 1)) © Z^g(SU(l, 1)) is well defined on 

AdSg and Cg'^. In the classical limit we come to M^'^ with the signature (-I-, — , — , -|-). 

8 Quasi-classical description of the non-commutative Minkowski 
spaces. 

8.1 Quadratic Poisson algebras 

13 

Consider first the Minkowski space M^'^ . In the limit g ^ 1 we come in the first order of ^ = log q 
to the Poisson algebra J^^'^. It is a commutative algebras of functions on M^'^ equipped with 
the quadratic Poisson brackets 



{xj,Xk}2 = lim 



Explicitly the brackets take the form 

{xi,X2}2 = 5xiX2, {xi,x^}2 = -5xix^, (8.1) 

{X4,X2}2 = (2 - (5)a;2X4 , {X4, X3}2 = -(2 - (5)X3X4 , (8.2) 
{X2,x-i}2 = -2X1X4^, {xi,X4}2 = 0. (8.3) 

In addition, there is the anti- involution on Ai^'^ that comes from the anti-involution on the 
algebra mJ'^ 

{xj,XkY2 = -{x*,xl}2 . (8.4) 

It takes the form 

x\ = xi , xX = X4, X2 = X3 . 

There are two Casimir functions 

ki = X1X4 — X2X3 , ^2 = xf~'^X4^ . (8.5) 
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The Poisson algebra M^'^ can be represented in the form of the classical reflection equation. 
Let = Inq. The quantum R matrices (4.8) have the expansion R = Id ® Id + Or, R^"^^ = 
Id®Id + 6A'^\ where 

r = -{Ei®Ei+Ei®Ei)-2E:i®E2, (8.6) 

and 

r (2) = ((5 - 1) [El ®Ei + E4®Ei) (8.7) 
Then the reflection equation in the quasi-classical limit gives 

{xi,X2}2 = r(xi (g) X2) - (x2 (g) yiitr^ + X2r^2^xi - xir^2^X2 . (8.8) 

It can be checked that the Poisson structure (8.1)-(8.3) can be extracted from this equation. 
We rewrite the Poisson algebra A^^'^ in terms of the horospheric coordinates (2.6), (2.7) 

{h,z}2 = 6hz, {h,z}2 = -Shz, {r,h}2 = {r,z}2 = {r,z}2 = , (8.9) 

{z,z}2 = 2{S -l)zz-2eh-^ . (8.10) 

The Casimir functions are 

A;l = £r^ k2 = h-^{h'^\z\+eY . 
The symplectic leaves of this structure are two-dimensional surfaces 

er'^ = ci, h~'^{h^\z\+e)^ = C2. 

If 5 = 0, 2 the symplectic leaves arc the horospheres, i.e. the orbits of unipotent subgroups. For 
5=1 the leaves are the orbits of groups conjugated to SU(2) (e = 1) or SU(1,1) {s = —1). 

The quadratic Poisson algebra A4^'^ that arises in the case M^'^ coincides with (8.1) - (8.3) 
for 6 = 1. It differs from M^'^ by the anti- involution 

X-^ ^ X4 5 ^2 ^ ^3 • 

In the case of Mq one should put q = exp i6. Therefore we come to the Poisson algebra 

{xi,X2}2 = ixiX2, {xi,X3}2 = -ixixa, 

{X4, X2}2 = iX2Xi , {X4, X3}2 = -iX2,Xi , 

{x2.,xz}2 = -2ixiXi, {a;i,a;4}2 = 0. 

with the anti- involution x*^ = xj. In the last two cases the classical reflection equations are 
simplified since r^^^ = Id<^ Id. 

8.2 Trihamiltonian structure 

In addition to the quadratic brackets wc introduce the linear and the canonical brackets in the 
space of functions on the Minkowski spaces. Consider for brevity the case Ai^'^. The linear 
brackets assume the form 

{xi,X2}l= SX2, {xi,X3}i = -6X3 , (8.11) 
{X4,X2}1 = {S-2)X2, {X4,X3}1 = {2-S)X3, (8.12) 
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{x2,X3}i = -2{xi - x^) , {a;i,a;4}i = 0. (8.13) 

For (5 = 1 it is the Lie-Poisson brackets on the Lie algebra gl(2,M). Two Casimir functions of 
this structure are 

ki = {S- 2)xi - 6x4 ~ yo - (5 - 1)2/3 , 

k2 = X2X3 - {xi - xif ^yl-yl- ^yl . 

The hnear brackets (8.11)-(8.13) can be reproduced in terms of the canonical variables {v,u), 
{v,u} = l ^ 

xi = —Suv — -ki , X2 = V , X3 = 2u'^v , 
X4 = (2 — d)uv — -ki . 

The quantization of the hnear brackets is straightforward u^U,v^V = du, where V is 

standing on the right. 

The canonical brackets are 

{a;2,a;3}o = -2, {xi,Xj}o = {x4,Xj}o = . (8.14) 

Note that the both Poisson structure are anti-invariant with respect to the involution. 

Lemma 8.1 The Poisson structures on M^'^ are compatible. 

It means that their hnear combination 

{ , }a = { , }2 + A{ , + , }o AgC (8.15) 

1 3 

is again a Poisson brackets. To prove it we introduce the new algebra M.^ with the shifted 
generators 

Xi^Xi + X, X4^X4 — X, X2^X2 X3 — ^ X3 . (8.16) 

This shift does not spoil the Jacobi identity of the brackets and we come to (8.15). □ 

9 The Laplace operator and its eigen-functions. 

d,q 



1 3 

In this section wc consider in details the case Mr' and shortly reproduce the similar construction 



2 2 "^2 2 

for Mq'^ The case M.q will not be considered in this paper. 

1 3 

9.1 The Laplace operator on M^'^ 

Consider the action of Uq''^ (SL(2, C)) on the ordered monomials w{m, k, I, n) = X^X^X^^X2- It 
follows from (4.27) - (4.30) that 

m-{-k — l — n (5 — l)(m — fc + Z — n) 

w{m^k^l^n).A = q 2 w{m^k^l,n) , w{m^k^l,n).A* = q s w;(m, /c,Z,n) , 

m-\-k — l — n-\-l £fr. 1^ 1 — 

w{m,k,l,n).B = q 2 d(n-L)_ — ^^^(-^^^ _,_ ij^n- 1)+ 



±^M±^_sik-l+n+i) ^-Z^wim + l,k,l-l,n), (9.1) 
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w(m, k, I, n).C = ^ "+'^+5". — - 1, /, n + 1) 

1 — 

-3m-3*;+3i-n+3 , r^r ; , „\ 1 — O^'" 

+g 2 +5(fc-z+n) -l,k,l + l,n). 

1 — 

1 3 

Introduce the group-like operator M that acts on M^'^ as 

^3 -^4 / \ 52X3 52X4 / 

It has the following properties 

M* = M, A(M) = M (g) M, e(M) = 1, S'(M) = M^^ 

Evidently, M commutes with A,B,CT A*. Define the Hopf algebra Z^g(GL(2, C)) generated by 
A, B, C and M. It is the quantum deformation of the classical algebra GL(2, C). Let 

_ {q--2M-^-q-2M)^ 

■= — (g-i _ — ■ y^-^) 

Consider the following Casimir element of iYq(GL(2, C)) 

A, = [0,-0,,M]i2-'. (9.4) 

This operator is the quantum analog of the Laplace operator A (3.3). 

Define the partial differentiation acting on w{m, k, I, n) in such a way that it does not break 
the ordering. It means, in particular, that the differentiation of the ordered monomial with 
respect, for example, Xi takes the form 

Dx, w(m, k, I, n) = :^w(m, k — l,l,n) . 

1 — g^ 

Let Txf{X) = f{qX). 

1 3 

Proposition 9.1 The action of the Laplace operator on M,' assumes the form 

f{X3,Xi,X4,X2).Aq = I (g _ g-l)2 [g~^(^Xi^^X2^^-y3^X4 ~ ^Xi^^^2^X3?'x4 

-qiTxlTx^TxsTx^ + Tx^Tx^Tx^Txt + Tx^Tx^TxaT^l - T^^Tx^Tx^T^l)] 

+gi+^r^f(-^+^)r-iT-irj(^^-^)Dx.i?x3 (9.5) 

+q'-'T-^^'+'hx2Tx3T^'f''^Dx,Dx,} /(X3, Xi, X4, X2) . 

Proof 

One can define the action of the Casimir element on Wq*^(SL(2, C)) (4.25) on the ordered mono- 
mials using (9.1). Since 

m+fc+f+n 

w{m,k,l,n).M = q 2 w{m,k,l,n), 
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we have from (9.4) 

w{m, k, I, n).Aq = 

1 



(l-g2)2 L 



m—k—l—n+l _j_ ^m—k+l+n+S _j_ ^rn+k—l+n+3 _j_ ^— m— fc— i+n+1 



w;(m, k, I, n) 



m—k—l—n+l ^m+fe+/+n+3 ^m-k-l+n+l ^m-k-l+n+S 

^^^rr.-k+l-n+l+S(k-l+l) (1 - f "')(^ - _ 1, A; + 1, Z + 1, n - 1) 

(1 - g^)^ 

^^^_fc_3i+n+5-5(fc-;+i) + 1, it - 1, Z - 1, n + 1) . 

(1 - q^y 

This relation imphes (9.5). □ 

Remark 9.1 In the classical limit hnig^i Ag = A (3.3). 

9.2 The Laplace operator on M^'^ in terms of the horospheric generators 

Define the ordered monomial 

w{m,k,n) = {Z*)'^H^Z'', 

and let 

F{Z*,H,Z) = ^ am,k,nw{m,k,n) . 

m,k,n 

Consider the action of the operator A^ on the Schwartz space (4.31). 

Proposition 9.2 The action of the Casimir operator Ag in terms of horospheric generators 
takes the form 

F{Z*, H, Z, R).Ag = j:^^^ [q'^Th -q^ + qT^^] F{Z*, H, Z, R) (9.6) 
+sq^-^Dz*DzXH-^Tlj-^F{Z*,H, Z, R)X . 

Proof 

We have already define the action of Wg*''(SL(2, C)) on the horospheric generators (6.6). Then 
the action of A, A*,B, C on the ordered monomial w{rn, k, n) takes the form 

w{m, k, n).A = q~'"~^^w{m, k, n), w{m, k, n).{A*y = q^^~^^'^~'^^^'^^ w{m, k, n) , 



w{m,k,n).B = q 2 Y^im, k,n — 1) , (9.7) 



w(m, k,n).C = q"' 2 —wim - l,k - 2,n) - — w(m, k,n+l) 

1 — 1 — g^ 

Thus, we have 

(l__^+l)2 
(1-g 

+qiS-i)ik-i) - 1, - 2, n - 1) . 



w{m,k,n).nq = g-fc+i *-^^ ) w{m,k,n)+ (9.8) 



(l-g2)2 
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On the other hand 

w{m,k,n)R"'.M = qfw{m,k,n)R°' , (9.9) 

and therefore 



a 



2 

w{m,k,n)R'^.Qq^M = — w{m,k,n)R°' , 



it follows from (9.4) that 



w{m,k,n)R'^. Ag = 'i !^ ^w)(m, fc, n)i?"+ 

giS-i)(k-i) ^^-';y^\-'l'^^ u,{m -l,k-2,n- 1)R'^ . 

(1 - q^y 

In this way we come to (9.6). □ 

Remark 9.2 In the classical (9.6) takes the form of the Laplace operator in horospheric coor- 
dinates lim5_»i = A (3.3). 

Our main goal is to find the eigen-functions of Ag 

F,{Z*,H,Z,R).Ag= \^yF,{Z*,H,Z,R). (9.10) 

L Z -I (jr^ 

These functions are expressed through the g-cxponcnts (A.l) and the three types of q- 
cylindric functions (A. 4). For \q\ ^ 1 they can be defined by the expansion 

1 °° „(2~S)m(m+a) ^a+2m o c 

zO)M = - V - — - j = --5^ + -5 + 2 (9 11) 

^« l^J (l-g2)ar^.(a + l)^^(^^^2)^(g2a+2,^2)^2"+2-' ^ 2^ ^ 2^ ^ ' ' ^^'''^ 

where Tg2{a + 1) is the g^-F-function (A. 3). We assume that 2{i-q^) < 1 for 5 = 1. It can be 

checked that Z^^ satisfies the difference equation (A. 4). 

The non-commutative analog of the horospheric elementary harmonics (3.5) has the following 
form 

Proposition 9.3 The basic solutions of (9.10) are defined as 

F,{Z*,H, Z, R) = e{fiZ*)Va{H)eii^Z)E,,a{R) , (e / 0) , (9.12) 

where fi,a E C, 



Va{H) = i?-izi^)(2(-£)l|/i|g-iif-i) 
-.a(i?) = ^Z(3)(2g-ll^i?). 



Proof 

Represent the solutions in the form 

F,{Z*,H,Z,R) = Va{Z*,H,Z)E,,^{R). (9.13) 
Substituting it in (9.10) and using the comultiplication relations (4.21) we find 

{Va{Z*,H, Z).ng) {E^^aiRW - {ya{Z*,H, Z).J^,,m) {E,,a{R) .ng,M) R'^ 



26 



Va{Z*,H,Z)E,,^{R) = 0. 
It follows from (9.7) - (9.9) that it can be rewritten as 

{Va{Z*, H, Z).nq) S,,«(i?)i?-2 - Va{Z*,H, Z) {E,^^{R).ng,MR-^) 



V 



2 



V^{Z\R,Z)-E,^^{R) = ^. 



Va{Z*,H, Z).0, - ^ VaiZ*, H,Z) = 0, (9.14) 



'-'u,aiR)-^q,M + ( JZ 2\2 n 2^2 ) '^^,ci{R) - 0. (9.15) 



1-2- . 

In this way we come to the equations 
and 

Prom (9.2) and (9.3) one rewrites the equation (9.15) as 

qE,,^{q-'R) - {q-+^ + q--+^)E,,^{R) + q^E,,a{qR) = q^-'il - q^^E^AR) ■ 

Put z = 2g-t(l - q''){l - q^)-^R. Then we come to (A.4) with 5 = 1 and 7}i\z) = E^AR)R. 
Consider now (9.14) and put 

Va{Z*,H,Z) = e{[iZ*)Va{H)e{^Z) . (9.16) 

Assume that e = ±1 and 

°° (-1 ^2\2k-2 
T/ /o-x _ Y^„ U Q ) rj—a-2k-l 

Substituting this expression and (A.l) in (9.16) we express Va in terms of monomials w{m, k, n). 
Using the action of on monomials (9.8) we obtain 

(?;?)i^k?);'"""'"'^' " " ^'""")^-"-''-'-(^^) 



fe=0 

Then the coefficients Ck satisfy the recurrence relation 

2a+4k+2-5{a+2k+2) 



Ck+1 = -^I^I^Ckq 
Taking cq = 1 we find 

Then 



Wa(i?) = g^H-"E(-^)' % 2W2i+;'2 g-^("+^^)(A/^)^+^g— ^^-^ 

^ iq,q^)k{q^°'^,q^)k 



k=0 



These series coincide with (9.11) up to a constant multiplier after the replacement 2z = (— e) 2 g 2 iJ ^ . 

□ 
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Remark 9.3 In the classical limit we come to Proposition 3.1 

lim e{ilZ*)Va{H)e{ixZ)'E^^a{R) = ex.-p{ifxz + illz)va{h)xu,a{r) ■ 

As in the classical situation one can restrict the operator Ag on the non-commutative ho- 
mogeneous spaces. 

Corollary 9.1 The restrictions of Ag assume the form 

Then we obtain the non-commutative deformations of the classical formulas (3.11), (3.12). 

1 3 

Corollary 9.2 The basic harmonics on the non-commutative H^, dS^ and the light-cone C^'g 
are 

F^{z,h,z) =e{i^Z*)H-^Z^J'>{2ie^fi\H-^)e{nZ), s = ±1 , (9.17) 

and 

F^{z,h,z) = e{^Z*)H"-^e{^iZ), e = 0. (9.18) 

Here u"^ = a"^ — 1. 
9.3 The case M^ ^ 

The action of Wg(SL(2, M)) on M^'^ coincides with with the action of Z^g(SL(2, C)) on M^'J. The 
only difference is that \q\ = 1 in the former case. Then it is straightforward to repeat the 
calculations of the last two subsections. 

Proposition 9.4 The Laplace operator Ag on Mg' coincides with Ag, defined in Proposition 
9.1 with 5 = 1. 

2 2 

Consider the horospheric description of M^' from 8.3. Let 

F{Z2,H,Zi) = ^ am,k,nw{m,k,n). 

m,k,n 

where w{m, k, n) = Z2^H^Z'^ and F{Z2,H, Zi) belongs to the Schwartz space. Define the action 
of the operator Ag. 

• ■ 2 2 

Proposition 9.5 The action of the Casimir operator Ag on M.q in terms of horospheric gen- 
erators takes the form 

F{Z2,H,Zi,R).Ag = -^^^^ [<fTH - 2g2 + gr^i] F{Z2,H,Zi,R) (9.19) 

-heDz,DzaH-^F{Z2, H, Zi, R)t 
_^ i^'^R - V + QTj,'] F{Z2, H, Zi,R) . 
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Now we investigate the basic eigen-functions 

F,{Z2, H, Zi, i?).A, = \ F,{Z2, H, Zi,R). 

Again we come to the equation (A. 4) for g-cylindrical functions but with \q\ = 1. The series 
(9.11) are ill-defined in this case. There exists another approach to the theory of (^-cylindrical 
functions based on integral representations for an arbitrary j and generic q E C [15]. As above 
we denote these functions Za\z). 

2 2 

Proposition 9.6 The basic solutions on Mq' are 

F,{Z\ H, Z, R) = e{ii2Z2)Vo,{H)e{iiiZi)E,,^{R) , {e 0) , (9.20) 
where fii^2 G M, a G C, 

Va{H) = H-^Z^\2{-e)"^^JI^2q-'^H-^) 
-..(i^) = ^Z(3)(2,^-|l^i?) 

Restricting these solutions to = r = const we define the Klein- Gordon operator on non- 
commutative AdS^ 

A, = J^^^[<fTH - 2q^ + qT^^] + eDz.Dz.R-^ . 

The basic functions on the homogeneous spaces have the form 

F,{Z2,H,Zi) = e{^l2Z2)H-^^^^\2iel ,/l^2H~^)e{^iiZi) , e = ±l, 
F,{Z2, H, Zi) = e(/X2Z2)iI"-^e(Mi^i) , e = 0, {y' = c?-\). 
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11 Appendix 

Here we reproduce some results from [18]. 
The q^-exponent 6^2 (x) 

is 



e„2 



>.{x) = ^- — = — — — |a;|<l. (A.l) 

it satisfies the difference equation 

Dxeq2{nx) = neq2{nx) , 
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where 



fix) - fjq-'x) 

1-^2 



X 



-1 



(A.2) 



The Gamma-function 



r,2(x) 



oo 



oo 



(1 




(A.3) 



The q-cylindric functions Za 
are solutions of the difference equation 



q-\l-q'fz'z(^\q'-' 



z). 



(A.4) 



In [18] the g-cyhndric functions are defined for j = 1,2. This equation is the second order 
difference equation for j = 1, 2, 3. There exist the analytic continuation of Z^j on the complex 
plane j {5) [15]. 

The Jackson integral 
is the series 
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